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Abstract. The notion of 'Pseudo Algebraically Closed (PAC) extensions' is a generalization 
of the classical notion of PAC fields. In this work we develop a basic machinery to study 
PAC extensions. This machinery is based on a generalization of embedding problems to field 
extensions. The main goal is to prove that the Galois closure of any proper separable algebraic 
PAC extension is its separable closure. As a result we get a classification of all finite PAC 
extensions which in turn proves the 'bottom conjecture' for finitely generated infinite fields. 

The secondary goal of this work is to unify proofs of known results about PAC extensions 
and to establish new basic properties of PAC extensions, e.g. transitiveness of PAC extensions. 



1. Introduction and Results 

z 

This work concerns Pseudo Algebraically Closed (PAC) extensions of fields, and 

> . 

especially the Galois structure of PAC extensions. We start by a short survey on 
this notion and its importance. Then we discuss the results and methods of this 
^ work. 
> 

1.1. Pseudo Algebraically Closed Extensions. A field K is called PAC if it has 
the following geometric feature: V(K) ^ for any non-void absolutely irreducible 
variety V which is defined over K. In [15] Jarden and Razon generalize this classical 
O ■ notion to a field K and a subset K (in this work K will always be a field, unless 

otherwise stated): We call K/K PAC extension (or just say that K/K is PAC) 
if for every absolutely irreducible variety V of dimension r > 1 which is defined 
over K and every separable dominating rational map v. V — > A r defined over K 
c3 ' there exists a G V(K) for which v(a) G Kq. (See Proposition 13.11 for equivalent 

definitions of PAC extensions in terms of polynomials and of places.) For example, 
every separably closed field is PAC over any infinite subfield, and for every PAC 
field K, the trivial extension K/K is PAC. 

The original motivation of Jarden and Razon for this definition is related to a 
generalization of Hilbert's 10th problem to 'large' algebraic rings. The problem asks 
whether there exists an algorithm that determines whether a system of polynomial 
equations over Z has a solution in Z. Matijasevich gave a negative answer to that 
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problem relying on the works of Davis, Putnam, and J. Robinson since the 1930s 
(see [HI). 

A natural generalization of Hilbert's 10th problem is to consider solutions in 
other rings. In |23j Rumely establishes a local-global principle for the ring Z of all 
algebraic integers, and deduces from it a positive answer of Hilbert's 10th problem 
for that ring. (It is interesting to mention that for the ring Q the problem is still 
open.) 

In [TH] Jarden and Razon extend Rumely's local global principle to the ring of 
integers R of an algebraic field K, for 'almost all' K C Q whose absolute Galois 
group Gal{K) is finitely generated. Their key idea is to use the fact (proven by 
them in [15]) that these fields are PAC over Z, and hence over R. Then, following 
Rumely, they deduce a positive answer to Hilbert's 10th problem for R. 

In [T7] Jarden and Razon continue their work, and establish Rumely's local-global 
principle for smaller rings. They also deal with the positive characteristic case, and 
strengthen the local-global principle itself. 

The applications of PAC extensions are not restricted to Hilbert's 10th problem 
and Rumely's local-global principle, and indeed some other applications recently 
appeared in the literature. Some examples are: (1) new constructions of Hilbertian 
domains [21]; (2) an analog of Dirichlet's theorem on primes in arithmetical pro- 
gressions for a polynomial ring in one variable over some infinite fields [3]; (3) the 
study of the question: When is a non-degenerate quadratic form isomorphic to a 
scaled trace form? [6]. 

1.2. The Galois Closure of PAC Extensions. In [15] (where PAC extensions 
first appear) Jarden and Razon find some Galois extensions K of Q such that K is 
PAC as a field but K is a PAC extension of no number field. (For this a heavy tool 
is used, namely Faltings' theorem.) Then they ask whether this is a coincidence or 
a general phenomenon. 

In [13] Jarden settles this question by showing that the only Galois PAC extension 
of an arbitrary number field is its algebraic closure. Jarden does not use Faltings' 
theorem, but different results. Namely, Razon's splitting theorem (see Theorem [6]), 
Frobenius' density theorem, Neukirch's characterization of p-adically closed fields 
among all algebraic extensions of Q, and also the special property of Q that it has 
no proper subfields(!). For that reason Jarden's method is restricted to number 
fields. 
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The next step is to consider a finitely generated infinite field K . Elaborating 
the original method of Jarden-Razon, i.e. using Faltings' theorem (and the Grauert- 
Manin theorem in positive characteristic), Jarden and the author generalize Jarden's 
result to K [5]. 

In this work we further generalize this theorem to the most general case, where K 
is an arbitrary field. Namely we prove that the only Galois PAC extensions are the 
trivial ones (see Theorem [T] below). Our proof is based on the lifting property which 
will be discussed later in the introduction and the realization of wreath products 
in fields. Thus it uses no special features of finitely generated fields, and for that 
reason it applies to any K/K . 

Theorem 1. Let K/Kq be a proper separable algebraic PAC extension. Then the 
Galois closure of K/K is the separable closure of K . 

In particular, if K/K is a Galois PAC extension, then either K = K or K = K s . 

It is important to note in this stage, that there are a lot of PAC extensions, which 
are not Galois. Let e be a positive integer. If K is a countable Hilbertian field, 
then for almost all cr = (ci, • • • , o~ e ) G Gal(i^o) e (i n the sense of the Haar measure) 

K 0s (cr) = {x E K 0s | o-j(x) = x, Wi} 

is a PAC extension of K [15], and hence of any subfield of K 0s (cr) / K . Using this 
result, in [31 [6] many PAC extensions are constructed. For example if K is a pro- 
solvable extension of a countable Hilbertian field, then there exists a PAC extension 
K/Kq such that the order of Gal(i^) (as a supernatural number) is n p P°°- m a 
sequel [T] , the author studies the group theoretic properties of the pair of profinite 
groups Gal(K) — > Gal(i^o) and using the transitivity of PAC extensions appear here 
constructs new PAC extensions. For example, for any projective profinite group P 
of rank at most countable, Q a b has a PAC extension with absolute Galois group P. 
It is open whether a finitely generated field K has a PAC extension whose absolute 
Galois group is not finitely generated [5], Conjecture 7. 
Note that Theorem [1] generalizes the following 

Theorem 2 (Chatzidakis [10], Theorem 24.53). Let K be a countable Hilbertian 
field. Then for almost all a G Gal(i^o) 6 the field Kq s (ct) is Galois over no proper 
subextension of K 0s (cr) / Kq. 

We shall also prove that if K is a finitely generated infinite field and e > 1 an 
integer, then for almost all cr G Gal(i^o) e the field Kq s (ct) is a Galois extension of 
no proper subfield K (i.e. we remove the restriction K C K). 
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It is interesting to note that if M is a minimal Henselian field, then M is a Galois 
extension of no proper subfield. This result follows from a theorem of Schimdt, that 
was generalized by Engler, and later was reproved by Jarden, see [8] . 

1.3. Finite PAC Extensions and the 'Bottom Conjecture'. We classify all 
finite PAC extensions: 

Theorem 3. Let K/Kq be a finite extension. Then K/Kq is PAC if and only if 
one of the following holds. 

(a) Kq is a PAC field and K/K is purely inseparable. 

(b) A is real closed and A is its algebraic closure. 

Let A be a countable Hilbertian field. Similarly to Theorem [TJ Theorem [3] can 
be applied to the field Kq s ((t), for almost all cr e Gal(Ao) 6 . This reproves the 
'bottom theorem' in the countable case: 

Theorem 4 (Haran [11], Theorem 18.7.7). Let A be a Hilbertian field and e > 1 
an integer. Then for almost all cr G Gal(A) e , K 0s (er) is a finite extension of no 
proper subfield that contains A . 

Moreover, as in the case of Galois extensions, we strengthen this result and prove 
the 'bottom conjecture' [TT], Problem 18.7.8 for finitely generated fields. For the 
precise formulation see Conjecture 17.81 

It is interesting to note that the theorems of Schmidt, Engler, and Jarden dis- 
cussed before, also imply that a minimal Henselian field is a finite extension of no 
proper subfield. 

1.4. Double Embedding Problems. Before continuing with results, we wish to 
briefly discuss the methods. 

Arithmetic and geometric properties of a field K relate to properties of the ab- 
solute Galois group Gal (A) of A. This group is equipped with the Krull topology, 
which makes it a profinite group. A fundamental tool in the study of profinite 
groups is the notion of finite embedding problems. 

Here is a nice example of the above relation. A profinite group is the absolute 
Galois group of some PAC field if and only if all finite embedding problems for this 
group are weakly solvable. See Ax' theorem [TT] , Theorem 11.6.2, and Lubotzky- 
v.d. Dries' theorem [TT], Corollary 23.1.2. 

First we generalize the notion of an embedding problem for a field A to a double 
embedding problem for an extension A/A . If the former is defined w.r.t. Gal(A), 
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then the later is defined w.r.t. the restriction map Ga\(K) — > Gal(K ). Roughly 
speaking, a double embedding problem for K/K consists on two embedding prob- 
lems, the 'lower' for K and the 'upper' for K , which are compatible w.r.t. the 
restriction map. 

We characterize PAC extensions in terms of special solutions of finite double em- 
bedding problems - geometric solutions. Those are weak solutions that are induced 
by some rational point of a variety, or in a different terminology, by a place of a 
finitely generated regular extension (see Section I2T31) . 

The key property that PAC extensions satisfy is the lifting property (Proposi- 
tion HJ)]). This lifting property asserts that any weak solution of the lower embed- 
ding problem can be extended to a geometric solution of the double embedding 
problem, provided some rationality assumption holds. 

1.5. Transitiveness. We prove that the PAC property of algebraic extensions is 
transitive. 

Theorem 5. Let Kq C K\ C K% be a tower of separable algebraic extensions. If 
both K 2 /Ki and Ki/K are PAC extensions, then so is K 2 /K . 

This fundamental property easily follows from the lifting property. To the best 
of our knowledge it did not appear in the literature before. Moreover, this result 
together with an analog of the Ax-Lubotzky-v.d. Dries result described above leads 
to a new construction of PAC extensions. This will be dealt with in p]. 

1.6. Descent of Galois Groups. In [22] Razon proves for a PAC extension K/K 
that every separable extension L/K descends to a separable extension Lq/Kq: 

Theorem 6 (Razon). Let K/Kq be a PAC extension and L/K a separable algebraic 
extension. Then there exists a separable algebraic extension Lq/Kq that is linearly 
disjoint from K over K such that L = L K. 

We generalize Razon's result and get the following stronger descent result. 

Theorem 7. Let K/K be a PAC extension and L/K a finite Galois extension. 
Assume Qdl(L/K) < Go, where Go is regular over Kq. Then there exists a Galois 
extension Lq/ Kq such that G&\(Lq/Kq) < Go and L = LqK. 

(Here Go is regular over Kq if there exists a Galois extension Fo/Ko(t) with Galois 
group isomorphic to G and such that F is regular over K .) 

Razon's theorem follows from Theorem [7] applied to the group Go = S n (for full 
details see the proof in Section [6]). Note that the original approach of Razon to 
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Theorem [6] is similar to our proof but very specific: One only considers the regular 
realization of G = S n generated by the generic polynomial /(T l5 . . . , T n , X) = 
X n + TiX™" 1 + • • • + T n . 

Let us explain the name 'descent' attached to Theorem [71 If a finite Galois group 
G = Gal(L/A) over A is regular over A , then, by taking H = G in Theorem[7J we 
get that G occurs over A (since G = Gal(L /A ) in that case). Thus G descends 
to a Galois group over A . 

As a consequence of this and of the fact that finite abelian groups are regular 
over any field, we get, for example, that 

A ab = AA ab . 

Here the superscript 'ab' denotes the maximal abelian extension. 

1.7. Acknowledgments. The author is indebted to D. Haran and M. Jarden for 
many discussions and suggestions concerning this work. The author thanks A. Fehm 
and E. Paran for valuable remarks on an earlier version of this paper, C. Meiri for his 
suggestion that simplified the diagram of a double embedding problem and finally 
the anonymous referee for his helpful comments. 

2. Preliminaries 

In this section we define the notion of geometric solutions of an embedding prob- 
lem and set up the notation and the necessary background needed for this work. 

2.1. Embedding Problems. Let A be a field. Then K s denotes its separable 
closure and A its algebraic closure. The absolute Galois group of A is denoted 
by Gal(A), i.e. Gal(A) = Gal(A s /A) = Aut(A/A). Recall that an embedding 
problem for Gal (A) (or equivalently for A) is a diagram 

(1) Gal(A) 

3(9? 

u 



where G and A are profinite groups and /i and a are (continuous) epimorphisms. 
In short we write (/i, a) for (JT]). 

A solution of (/i, a) is an epimorphism 6 : Gal(A) — > G such that a6 = fi. If 9 is 
a homomorphism that satisfies a9 = /i but is not necessarily surjective, we say that 
9 is a weak solution. In particular, a profinite group G is a quotient of Gal(A) if 
and only if the embedding problem (Gal(A) — > 1, G — > 1) is solvable. 
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If G is finite (resp. a group theoretically splits), we say that the embedding 
problem is finite (resp. split). 

The following lemma gives an obvious, but useful, criterion for a weak solution 
to be a solution (i.e. surjective). 

Lemma 2.1. A weak solution 8: Gal(K) — > G of an embedding problem §Q) is a 
solution if and only z/ker(a) < 8(Gal(K)) . 

Proof. Suppose ker(a) < 0(Gal(K)). Let g G G, put a = a(g), and let / G /i -1 (a). 
Then 0(f)~ 1 g G ker(a) < 8(Gal(K)), and hence g G 6(Gal(K)). The converse is 
immediate. □ 

Two embedding problems (/x: Gal(i^) — > A, a: G — > A) and (z/: Gal(K) — > 
— > -B) are said to be equivalent if there exist isomorphisms i: G H 
and j : A B for which the following diagram commutes. 

j j 
# — ^ 5 — - Ga\(K) 
It is evident that any (weak) solution of (/i, a) corresponds to a (weak) solution of 
(v,(3) and vice versa. 

Denote by L the fixed field of ker(/i) in K s . Then /j factors as \x = fi^o, where 
fio' Gal(K) — > Gal(L/X) is the restriction map and p,: Gal(L/K) — > A is an 
isomorphism. Then the embedding problems (/i, a) and (/io,yU _1 a) are equivalent. 
So, from now on, we shall assume that A = Gal(L/K) and // is the restriction map 
(unless we explicitly specify differently). 

(2) Gal(K) 

387 

/' 

G — Gal(L/K) 

Let : Gal(i^) — > G be a weak solution of (/i, a). The fixed field F of ker(#) is called 
the solution field. Then, if 9 is a solution, the embedding problems (/i, a) and 
the embedding problem defined by the restriction map, i.e. (/i, res: Gal(F/K) — > 
Gal(L/i^)), are equivalent. 

2.2. Geometric and Rational Embedding Problems. We define two kinds of 
embedding problems for a field K coming from geometric objects. 

Definition 2.2. Let E be a finitely generated regular extension of K, let F/E be a 
Galois extension, and let L = F n K s , where K s is a separable closure of K. Then 
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the restriction map a: Gal(F/E) —>■ Ga\(L/K) is surjective, since E D K s — K. 
Therefore 

(3) (ji: Ga\(K) -> Ga\(L/K),a: Ga\(F/E) -> Gal(L/iv")) 

is an embedding problem for if. We call such an embedding problem geometric 
embedding problem. 

If E = K(t) = K(ti, . . . , t e ) is a field of rational functions over K, then we call 

(4) (/i: Gal(iT) -> Gal(L/if), a : Gal(F/K(t)) -> Gal(L/AT)) 
rational embedding problem. 

We can consider only geometric embedding problems because of the following 
lemma. 

Lemma 2.3. Every finite embedding problem is equivalent to a geometric embedding 
problem. 

Proof. It follows from [11], Lemma 11.6.1. □ 

The following lemma shows that one can replace the tuple t with a single tran- 
scendental element. 

Lemma 2.4. Let K be an infinite field, (t,t) an (e + 1) -tuple of variables, and (j4]) 
a rational embedding problem. Then there exists a rational embedding problem 

(// t : Gal(iT) -> Ga\(L/K),a t : Ga\(F t /K(t)) -> Gal(L/AT)) 

which is equivalent to (T4J). Furthermore, there exists a place if of F whose residue 
field is F t and such that (p(ti) = + bit, a i: bi G K , and hi ^ 0. 

Proof. Let a^, 6j G if, fej 7^ be as given in [4], Lemma 4, for F/L(t). Extend 
the specialization t 1— > {a\ + bit, . . . , a e + 6 e t) to a place of F trivial on L and 
let F t be its residue field. By [4], Lemma 4, it follows that F t is regular over 
L and that [F t : L{t)\ = [F : L(t)]. Then [F t : if(t)] = [F : if(t)], and thus 
Gal(F/if(t)) S Gal(Fi/iv"(t)). □ 

2.3. Geometric Solutions. Consider a geometric embedding problem 

0: Gal(it) -> Gal(L/K),o;: Gal(F/£) -> Gal(L/it)) 

for a field if. Let be a place of E that is unramified in F. We always assume 
that ip is trivial on if, i.e. ip(x) = x, for x & K. We denote a residue field by bar, 
e.g., E is the residue field of E. 
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Assume (p is F-rational, i.e. E = K, and extend it to a place of F, say $. By 
composing <3> with an appropriate Galois automorphism, we can assume that $ is 
trivial on L. 

Then <3>/y9 canonically induces a weak solution $* of (fi,oe). The image of $* is 
the decomposition group and $($*((x)(x)) = cr($(x)) for all cr G Gal(iT), provided 
$(sc) is finite. If we choose a different extension of to F, say then ty* and 
$* differ by an inner automorphism of Gal(F/ E). For complete details see [IT], 
Lemma 6.1.4). 

Definition 2.5. Let 9: Gal(fT) — > Ga\(F/E) be a weak solution of (fi,oe). Then 
we call it geometric if there exists a place $ of F unramified over E such that 
E = K and 9 = $*. 



If we have a commutative diagram 



Gal(AT) 

\ 



Ho. 



A' 2 



G 



/ 



2- 



then we say that (/xi,ai) dominates (/^Q^)- Note that any (weak) solution 
9\ : Gai(K) — > Hi of (//i,ai) induces a (weak) solution 6*2 = 7r#i of (/^a^)- 
Geometric solutions are compatible with scalar extensions: 

Lemma 2.6. Consider a geometric embedding problem 

(fi: Ged(K) -> Gal(L/iT), a: Gal(F/£) -> Gal(L/iT)). 

Let M/K be a Galois extension with L C M. T/ien £/ie geometric embedding problem 

(//: Gal(K) -> Gal(M/AT),a': Gal(FM/£) -> Gal(M/iT)), 

where a' and // are i/ie corresponding restriction maps, dominates the embedding 
problem (//, a) wzi/i respect to the restriction maps. Furthermore, if is a geo- 
metric (weak) solution of (//, a!), then (\&|f)* is a geometric (weak) solution of 
(ji,a). 

Proof. As E/K is regular, we have 

Gal(FN/E) = Gal(F/E)x Gal(LE/E) Gal(ME/E) 
Gal(F/ E) x Gal(L/x) Gd\(M/K) 



in 
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and the projection maps coincide with the restriction maps. Thus (//, a') dominates 
(//, a). Now let be a geometric (weak) solution of (//', a'). For $ = ^?\f) we have 
that $ is unramified over E and respM,F o \P* = $*, as needed. □ 

3. Pseudo Algebraically Closed Extensions and Double Embedding 

Problems 

3.1. Basic Properties. The following proposition gives several equivalent defini- 
tions of PAC extensions in terms of polynomials and places, including a reduction to 
plane curves. A proof of that proposition essentially appears in [15]. Nevertheless, 
for the sake of completeness, we give here a formal proof. 

Proposition 3.1. The following conditions are equivalent for a field extension 
K/K . 

(3.1a) K/K is PAC. 

(3.1b) For every e > 1 and every absolutely irreducible polynomial f(T,X) G 
K[Ti, . . . , T e , X] that is separable in X, and nonzero r(T) G K[T] there 
exists (a, b) G Kq x K for which r(a) 7^ and /(a, b) = 0. 

(3.1c) For every absolutely irreducible polynomial f(T,X) G K[T,X] that is sepa- 
rable in X , and nonzero r(T) G K(T) there exists (a, b) G Kq x K for which 
r(a) 7^ and f(a, b) = 0. 

(3. Id) For every finitely generated regular extension E/K with separating transcen- 
dence basis t = (ti, . . . ,t e ) and every nonzero r(t) G K(t), there exists a Ir- 
rational place if of E unramified over K(t) such that Ko(t) = Kq, a = tp(t) 
is finite, and r(a) ^ 0, oo. 

(3.1e) For every finitely generated regular extension E/K with separating transcen- 
dence basis t and every nonzero r(t) G K[t] there exists a K -rational place 
if of E unramified over K(t) such that Ko(t) = Kq, a = <p(t) ^ oo, and 
r(a) 7^ 0, oo. 

Proof. The proof of [15], Lemma 1.3, gives the equivalence between (13.1aj) . (I3.1bl) . 
and (I3.1cl) . Obviously (I3.1dl) implies (13. lei) , so it suffices to prove that f!3.1bj) implies 
fl3~Td|) and that flSTTel) implies (EDB . 



fl3~TB (l3~Tdj) : Let x G E/K(t) be integral over K[t] such that E = K(t,x). 



Let /(T, X) G K[T, X] be the absolutely irreducible polynomial which is monic and 
separable in X and for which f(t,x) = 0. Let 7^ g(t) G K[t] be the discriminant 
of f(T, X) as a polynomial in X. We have (a, b) G Kq x K such that /(a, b) = 
and g(a)r(a) 7^ 0, 00. Extend the specialization t > a to a irrational place tp of E 
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with the following properties to conclude the implication: (1) <f(x) = b ^ oo (this 
is possible since x is integral over iT[t]); (2) K (t) = K and E = K(b) = K ([TT]. 
Lemma 2.2.7,); (3) <p is unramified over K(t) ([H], Lemma 6.1.8). 

( l3TTell => IKM : Let f(T,X) = Y^t=o a k( T ) xk and r ( T ) be as in (EUcD- Set 
r'(T) = r(T)a n (T). Let t be a transcendental element and let x G K(t) be such 
that f(t,x) = 0. Let = K(t,x). Then is regular over K and separable over 
K(t). Applying (13. lei) to E and r'(t) we get a irrational place ipofE satisfying the 
following properties. (1) a = ip(t) e _fT which implies that b = f{x) is finite, since 
<p(f(t,x)) = and f(a,X) has a nonzero leading coefficient; (2) E = K, which 
concludes the proof since b e E = K. □ 

3.2. Geometric Solutions and PAC fields. The following result characterizes 
when a solution is geometric in terms of a rational place of some regular exten- 
sion. This sharpens earlier works of Roquette on PAC Hilbertian fields [llj, Corol- 
lary 27.3.3, and of Fried-Haran-Jarden on Frobenius fields [TT], Proposition 24.1.4. 
In the case where L = K, it was also proved by Debes in his work on the Beckmann- 
Black problem [7]. 

Proposition 3.2. Let K be a field and consider a geometric embedding problem 

(p: G&L(K) -> Ga\(L/K),a: Gal(F/£) -> Gdl{L/K)) 

for K. Let 6: Gal(A') — > Ga^F/E 1 ) 6e a weaA; solution. Then there exists a finite 
separable extension E/E such that E/K is regular and for every place tp of E/K 
that is unramified in F the following two conditions are equivalent. 

(1) ip extends to a place $ of F such that E = K and $* = 9. 

(2) if extends to a K -rational place of E. 

Proof. First we consider the special case when Gd\{F/E) = Gal(L/K). Then there 
is a unique solution of (/i, a), namely 9 = Let $ be an extension of f to F 

and take E = E. It is trivial that ([lj implies (j2J). Assume ([2]). Then $* is defined, 
and from the uniqueness, <3>* = 9. 

Next we prove the general case. Let M/K be a Galois extension such that 
Gal(M) = ker(0) (in particular, L C M) and let F = FM. 

F—-^F 

,E" 

E ■ EL EM 



K L M 
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As F and M are linearly disjoint over L, the fields F and EM are linearly disjoint 
over EL. We have 

Gal(F/E) = GaL(F/E) x Gal(i/K) Gal(M/K). 

Define 9: GaX(K) -> Gal(F/F) by 0(<j) = (0(<r), 0-| M ). Let £ denote the fixed field 
of 9{Gal(K)) in F. Then 9 is a solution in 

GaX(K) 




Gal(F/F) — ^ Gal(F/iT). 

Here a is the restriction map. In particular, F/if is regular. Also ker(#) = ker(#) n 
Gal(M) = Gal(M), so Gal(F/F) = Gsl{M/K). 

Assume <p extend to a irrational place (p of E. Extend p L-linearly to a place 
$ of F. Then &/<p is unramified. Let $ = Then by the first part $* = 9. 

Lemma [2.61 then asserts that $* = 9. 

On the other hand, assume that p extends to a place $ of F such that E = K 
and $* = 9. Extend <3> M-linearly to a place <f> of F. Then, since resp F (&*) = $* 
and resp M ($*) = resK a ,M, we have 

$» = (&((T),(T\ M )=§. 

Therefore the residue field of E is also K. □ 

Remark 3.3. In the proof it was shown that E C FM, where M is the solution field 
of 9. 

Proposition 13.21 is extremely useful. We first apply it to PAC fields. 

Corollary 3.4. Every weak solution of a finite geometric embedding problem for a 
PAC field K is geometric. 

Proof. Let (ji: Gal(F) -> Gal(L/F), a : Gal(F/F) -> Gal(L/F)) be a finite geo- 
metric embedding problem for K and # a solution. Let F be the regular extension 
of K given in Proposition 13. 2[ There exists a F-rational place p of F. Then by the 
proposition we can extend 0\e to a place <3> of F such that $* = □ 

3.3. Double Embedding Problems. In this section we generalize the notion of 
embedding problems to field extensions. 
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3.3.1. The Definition of Double Embedding Problems. Let K/Kq be a field exten- 
sion. A double embedding problem (DEP) for K/K consists of two embedding 
problems: (//: Gal(K) — > G, a : H — ► G) for K and (fi : Gal(K ) — ► G ,a:: if "~ > 
Go) for i^O; which are compatible in the following sense. H < H$, G < Go, and if 
we write i: H — > H and j: G — > Go for the inclusion maps and r for the restriction 
map Gal(K) — ► Gal(K Q ), then the following diagram commutes. 



(5) Gal(K) 




Given a DEP for K/Kq, we refer to the corresponding embedding problem for 
K (resp. Kq) as the lower (resp. the upper) embedding problem. We call a DEP 
finite if the upper (and hence also the lower) embedding problem is finite. 

A weak solution of a DEP (jSJ) is a weak solution #0 of the upper embedding 
problem which restricts to a weak solution 9 of the lower embedding problem via 
the restriction map r: Gal(i^) — ► Gal(iTo)- In case K/Kq is a separable algebraic 
extension, the restriction map is the inclusion map, and hence the condition on #0 
reduces to 9o(GaA(K)) < H. To emphasize the existence of 9, we usually regard a 
weak solution of a DEP as a pair (9, 9 ) (where 9 is the restriction of 9 to Gal(K)). 

3.3.2. Rational Double Embedding Problems. Consider a double embedding problem 
flSJ) and let L and L be the fixed fields of the kernels of /xq and fi, respectively. 
Then we have isomorphisms pL^: Gdl(L /Ko) — > Go an d fi' Gdl(L/K) — > G. Hence 
(as in the case of embedding problems) replacing G and G with Gal(L /K ) and 
Gal(L/iT) (and replacing correspondingly all the maps) gives us an equivalent DEP. 
The compatibility condition is realized as L = L K. 

In the context of this work we are mainly interested in double embedding problems 
which satisfy some rationality condition. 

Definition 3.5. If in a double embedding problem the upper embedding problem 
is rational, we say that the double embedding problem is rational. 

Lemma 3.6. If (jSJ) is a rational DEP, then the upper embedding problem is rational 
and the lower embedding problem is geometric. 
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Moreover, we can take e = 1, i.e. t = t - a transcendental element. 

Proof. Let (J5j) be a rational double embedding problem. By definition, it means 
that G = Gal(L /K ), there exists a regular extension F of L and a separating 
transcendence basis t 6 F such that F /K (t) is Galois with Galois group H = 
Gal(Fo/.Ko(t)), and ao: H — > Go is the restriction map. By Lemma EH we may 
assume that t = t. 

Let F = FqK and L = LqK. The compatibility condition implies that H embeds 
into Gal(F /ir (t)) (via i) as a subgroup of Gal(F /L n K(t)) = Ga\(F/K(t)). 
Let E C F be the fixed field of H, i.e., H = Ga\(F/E). Under this embedding, 
a: Gal(F/K(t)) — > Gal(L/K) is the restriction map. Therefore ct(H) = GsX{L/K) 
implies that E fl L = K, and hence E is regular over K. 

(6) Gal(K) 




Gal(F/£)^-U Gal(F /^ (t)) Gal(L /^ ) ^-^Ga^L/K). 

Consequently the lower embedding problem is geometric. □ 

Remark 3.7. The converse of the above lemma is also valid, that is to say, assume we 
have a rational double embedding problem as in (El), i.e. a finitely generated regular 
extension E/K, a separating transcendence basis t for E/K, and a finite Galois 
extension Fo/Ko(t) such that E C F, where F = FqK. Then all the restriction 
maps in (jBj) are surjective, and hence (jBJ) defines a finite double embedding problem. 

3.3.3. Geometric Solutions of Double Embedding Problems. First recall that a weak 
solution 9 of an embedding problem 

(ji: Gal(K) -> Gal(L/AT), a: Gal(F/£) -> Gal(L/i^)) 

is geometric if 9 = $*, for some place $ of F that is unramified over E and under 
which the residue field of E is K. Then we call a weak solution (9, 9 ) of 
geometric if (9,9 ) = ($*,$q), where $* is a geometric solution of the lower 
embedding problem and $o = ®\f - 

Note that since $q i s a solution of the upper embedding problem, the residue 
field of Ko(t) is K . In particular, if $(t) is finite, then $(t) G Kq. Also note that 
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for a place of F that is unramified over E and such that E = K and Ko(t) = Kq, 
the pair ($*, $q) is indeed a weak solution of ([6]), since $q = resK 3 ,K 0s $* ■ 

4. The Lifting Property 

In this section we formulate and prove the lifting property. First we reduce the 
discussion to separable algebraic extensions by showing that if K/Kq is PAC, then 
K fl K 0s /K is PAC and Ga\(K) = Ga\(K n K 0s ) via the restriction map. Then 
we characterize separable algebraic PAC extensions in terms of geometric solutions 
of double embedding problems. From this characterization we establish the lifting 
property. Finally we prove a strong (but complicated) version of the lifting problem 
to PAC extensions of finitely generated fields. 

4.1. Reduction to Separable Algebraic Extensions. In [15], Corollary 1.5, 
Jarden and Razon show 

Lemma 4.1 (Jarden- Razon). IfK/K is PAC, then so is K fl K 0s / K . 
Moreover, we have 

Theorem 4.2. Let K/K be a PAC extension. Then K(l K 0s /K is PAC and the 
restriction map Gal(i^) — > Ga\(K fl K 0s ) is an isomorphism. 

Proof. It suffices to show that K s = Kq s K. Let L/K be a finite Galois extension 
with Galois group G of order n. Embed G into the symmetric group S n . Let 
Fo/Ko(t) be a regular realization of S n with F$ algebraically independent from 
K over Kq ([IE], P- 272, Example 4). Then F = FqK is regular over K and 
Gal(F/iT(t)) = S n . Furthermore 

Qd\(FL/ K(t)) = Gal(FL/L(t)) x Gal(FL/F) 

= Gal(F/K(t)) x GaX(L/K) = S n xG. 

Let E be the fixed field of the subgroup A = {(g,g) \ g E G} in FL, i.e., 
Gal(FL/E) = A. By Galois correspondence, S n A = S n xG implies that E(~)L = K 
and 1 = AnS n = GnA implies that FL = EL = FE. In particular, E/K is 
regular. 



F FL 




K(t) L(t) 



K L 
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As K/Kq is PAC, there is a F-rational place <p of E such that Ko(t) = Kq, 
a = ip(t) is finite, and /i(a) 7^ 0. Extend ip to a place $ of FL which is trivial on L. 

Then since $/V> is unramified, FL = FL implies that FL = EL = L ([11]. 
Lemma 2.4.8). However, as F = F Q K, it follows that F = F K, hence (again by 
PU, Lemma 2.4.8), L = FT =FE = F = F K C A" 0s F, as needed. □ 

Remark 4.3. The above theorem also follows from Razon's result Theorem EJ How- 
ever we shall prove the converse implication. 

PAC fields have a nice elementary theory. Since K and Kr\K 0s are PAC fields and 
since they have isomorphic absolute Galois groups, they are elementary equivalent 
under some necessary condition: 

Corollary 4.4. Let K/Kq be a separable PAC extension. Assume that K and 
K n K 0s have the same degree of imperfection. Then K is an elementary extension 
ofKnK 0s . 

Proof. The assertion follows from |11] , Corollary 20.3.4, and Theorem 14.21 □ 
4.2. Characterization of Separable Algebraic PAC Extensions. 

Proposition 4.5. Let K/Kq be a separable algebraic field extension. The following 
conditions are equivalent: 

(4.5a) K/K is PAC. 

(4.5b) For every finite rational double embedding problem (J6j) for K/Kq and every 

nonzero rational function r(t) G K(t), there exists a geometric weak solution 

($*, $0) such that a = $(t) is finite and r(a) 7^ 0, 00. 
(4.5c) For every finite rational double embedding problem (J6j) for K/Kq with t = t 

a transcendental element there exist infinitely many geometric weak solutions 

($*,$*). 

Proof. The implication (I4.5al) =^( l4.5bl) follows from Proposition 13.11 (part ( I3.1dl) ) 
and the definition of geometric weak solutions. 

Taking t = t a transcendental element (instead of a general tuple) in f)4.5cl) yields 
fEL5b|) . 

( 14.5cP ^>( )4T5al) : We apply Proposition O and show that ( 13.1el) holds. Let E/K 
be a regular extension with a separating transcendence basis t and let r(t) G K[t] be 
nonzero. Choose Fq to be a finite Galois extension of Ko(t) such that E C FqK (such 
F exists since K/K is separable and algebraic). Let F = F K, L = F R K s , and 
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L = F H K 0s . By assumption there are infinitely many geometric weak solutions 
($*,$*) of the DEP 

Gal(K) 




Gal(F/£) Gal(F /K (t)) Ga\(L /K ) - Gal{L/K). 

Since for only finitely many solutions is infinite or r($(t)) = 0, oo we can 
find a solution such that <3>(t) 7^ 00 and r($(t)) 7^ 0, 00. In particular, E = K and 
K (t) — Kq, as required in (13. lei) . □ 

Let K/Kq be a PAC extension and consider a rational DEP for K/Kq. The 
following key property - the lifting property - asserts that any weak solution of the 
lower embedding problem can be lifted to a geometric weak solution of the DEP. 

Proposition 4.6 (The lifting property). Let K/K be a PAC extension, let ([6]) be 
a rational DEP for K/Kq, and let 9: Ga\{K) — > Gal(E/E) be a weak solution of 
the lower embedding problem in ([6]). Then there exists a geometric weak solution 
($*, %) of © such that 9 = $*. 

Moreover, ifr(t) e K(t) is nonzero, we can choose $ such that a = $(t) 6 Kq and 
r(a) 7^ 0, 00. 

Proof. By Proposition 13.21 there exists a finite separable extension E/E that is 
regular over K with the following property. If a place <p of E that is unramified in 
F can be extended to a i^-rational place of E 1 , then it can be extended to a place 
$ of F such that $* = 9. 

By the PACness of K/K there exists a i^-rational place of E such that 9? = 
<p\e is unramified in F, the residue field of Ko(t) is i^o, a = $(t) is finite, and 
r(a) 7^ 0, 00. If we extend cp to the place $ of F given above and let $0 = ^pIfq, 
then we get that (<&*, $q) is a geometric weak solution and that $* = 0. □ 

The first easy consequence of the lifting property is the transitivity of PAC ex- 
tensions. We first prove Theorem [5] and then deduce a more general result. 

Proof of Theorem Let Kq C^C K2 be a tower of separable algebraic extensions 
and assume that K 2 /Ki and Ki/K are PAC extensions. We need to prove that 
K 2 /K is PAC too. 
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Let 



((/i : Gal(^ ) - Gal(L /K ),« : Gal{F /K {t)) - Gal(L /K )), 
(H 2 : Gal(K 2 ) -> Gal(L 2 /if 2 ),a 2 : Gal(F 2 /£) -> Gal(L 2 /K 2 ))) 



be a rational finite DEP for K 2 /K . By Lemma [4.51 it suffices to find a geometric 
weak solution to ((/i , a ), (/i 2 , a 2 )). Set Fi = F Ki, L x = LqK\. Then, since K 2 / Ki 
is PAC there exists a weak solution ($2, ^1) of the double embedding problem 
defined by the lower part of the following commutative diagram. 



(7) 



Gal(ATo) 



Gal(F /Ar (t)) 



IM) 



Gal(L /K 



Gal(^i 



GaliFt/Ktit)) 



■Gal(Li/ATi) 



Gal(F 2 



/'2 



Gal(L 2 /K 2 ) 



Gal(F 2 /£) ^ 

Now we lift $* to a geometric weak solution (<&*, $g) of the DEP for K\/Kq defined 
by the higher part of the diagram. This is possible by the lifting property applied 
to the PAC extension K\/Kq. 

Since %\ g *\{k 2 ) = $i|Gai(x 2 ) = $2 we S et that ( $ 2>$o) is a geometric weak 
solution of the DEP we started from. □ 



Corollary 4.7. Let k be an ordinal number and let 

K CK 1 CK 2 Q...CK K 

be a tower of separable algebraic extensions. Assume that K a+ i/K a is PAC for 
every a < k and that K a = U/3< a Kp f or ^very limit a < k. Then K K j Kq is PAC. 

Proof. We apply transfinite induction. Let a < k. If a is a successor ordinal, then 
the assertion follows from Theorem 
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Gal(K a ) 



Gal(ATo) 




Gal(F Q )— -Gal(F /A (t)) 



Gal(L /K ) 



G&\(L a /K a ) 



Here F a = F K a and L a = L K a . Now since all the extensions are finite, there 
exists $ < a such that Gal{F a /K a ) = G&l(Fp/Kp) and Gal(L a / K a ) = Gal{Lp/Kp) 
(via the corresponding restriction maps), where Fp = F Kp and Lp = L Kp. 

Induction gives a weak solution of the double embedding problem (jHJ) with (3 
replacing a. This weak solution induces a weak solution of (JSj) via the above iso- 
morphisms. □ 

4.3. Strong Lifting Property for PAC Extensions of Finitely Generated 
Fields. Let Kq be a finitely generated field (over its prime field). In this section we 
prove a strong lifting property for PAC extensions K/Kq. The additional ingredient 
is the Mordell conjecture for finitely generated fields (now a theorem due to Faltings 
in characteristic [9] and to Grauert-Manin in positive characteristic [24] , page 107). 
The following lemma is based on the Mordell conjecture. 

Lemma 4.8 (|15j. Proposition 5.4). Let K be a finitely generated infinite field, f G 
Kq[T, X] an absolutely irreducible polynomial which is separable in X , g e Kq[T, X] 
an irreducible polynomial which is separable in X , and 0/rG A"o[T]. Then there 
exist a finite purely inseparable extension K' of K , a nonconstant rational function 
q G Kq(T), and a finite subset B of K' Q such that f (q(T) , X) is absolutely irreducible, 
g(q(a),X) is irreducible in K' Q [X], and r(q(a)) ^ for any a G K' Q \ B. 



Let K/Kq be an extension. Consider a rational double embedding problem ([6]) 
for K/Kq (with t = t). For any subextension K\ of K/Kq we have a corresponding 
rational double embedding problem. Namely 
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(9) Gal(AT) 




Gal(F/£) Gal(Fi/Ki(t)) GaKV^O^^ Gal(L/K), 

where Fi = F Kx, L\ = L Ki, and fii and ai are the restriction maps. 

Assume that K[/Ki is a purely inseparable extension. Then the double embed- 
ding problem ([9]) remains the same if we replace all fields by their compositum with 
K[. 

Proposition 4.9 (Strong lifting property). Let K be a PAC extension of a finitely 
generated field K . Let 

£{K) = 0: GaX(K) -> Gal(L/K), a: GaI(F/E) -> GaI(L/K)) 

be a geometric embedding problem and let 6: Gal(K) — > Gal(F/E) be a weak so- 
lution of S(K). Then there exist a finite subextension K\/Kq and a finite purely 
inseparable extension K[/Ki satisfying the following properties. 

(a) For any rational double embedding problem (J9]) for K/K\ whose lower em- 
bedding problem is S(K), we can lift 8 to a weak solution (6, 8i) of the double 
embedding problem (Q in such a way that Q\ is surjective. 

(b) The solution (6, 9\) is a geometric solution of the double embedding problem 
that we get from ([9]) by replacing all fields with their compositum with K[ . 

Proof. By Proposition 13.21 there exists a finite separable E/E that is regular over 
K such that a F-place of E that is unramified in F satisfies tp* = 9 if and only 
if (f extends to a F-rational place of E. Let f(t,X) 6 K\t, X] be an absolutely 
irreducible polynomial whose root x generates E/K(t), i.e. E = K(t,x). Let M 
be the fixed field of ker(#) in K s . Then M/K is a finite Galois extension. Let 
h(X) G K[X] be a Galois irreducible polynomial whose root generates M/K. 

Let K\ be a finite subextension of K/Kq that contains the coefficients of / and 
h and such that h is Galois over it. Let Mi be the splitting field of h over K\ and 
let L\, F\ be as in the corresponding rational double embedding problem (Q. Then 
Gal(MfK) £ Gal(Mi/iv"i), and thus also GaI(L/K) S Gal(Li/ifi). 
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F 



E 



EL 



EM 



Kit) 



L(t) 



M(t) 




K (t) 



Ki(t) 



(0 



Mx(t) 



Let g(t, X) G Ki[T, X] be an irreducible polynomial whose root generates Fi/Ki(t). 
Choose r(t) G Ki(t) such that r(a) 7^ implies that the prime (t — a) is unrami- 
fied in F% and that the leading coefficients of f(t,X) and g(t,X) do not vanish at 
a. Let K[/Ki be the purely inseparable extension, B C K[ the finite subset, and 
q G K[(T) the nonconstant rational function that Lemma 14.81 gives for K%, g, f, 
and r. Let K' = KK[. 

Since K'/K[ is PAC (p], Corollary 2.5) there exist a G K[ \ B and & G K' for 
which f(q(a), b) = (Proposition 13. ip . Extend 1 1— > g(a) to a i^'-rational place <^ of 
EK[. Then y9 = 0\ek' is unramified in (since r(q(a)) 7^ 0). 

By Proposition 13.21 (p extends to a place $ of such that = 9 and write 
$1 = Then ($*, is a geometric weak solution of the DEP ((/1, a), (/ii, «i)) 
that we get from ([9]) by replacing all fields with their compositum with K[. 

Moreover, since FiK[/ K[(t) is generated by g(t,X) and g(q(a),X) is irreducible, 
we get that $* is surjective. This proves (b). Now assertion (a) follows since ($*, $J) 
is a (not necessarily geometric) solution of ((/i,a), (/ii,ai)). □ 



This section proves the main result of the paper, Theorem [U that says the Galois 
closure of a proper separable algebraic PAC extension is the separable closure. The 
proof uses the lifting property and some properties of realizing wreath products in 
fields. We start by recalling the latter and then prove the theorem. 

5.1. Wreath Products in Fields. Let A and G be finite groups. The wreath 
product A I G is defined to be the semidirect product A G x G, where G acts on 
A by translation. More precisely, A G = {/ : G —>■ A} and 
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for all / G A G and a,r G G. Then each element of A I G can be written uniquely 
as fa, f G A G and a G G and the multiplication is given by 

(fa)(gr) = fg^ 1 ar. 

The wreath product is equipped with the quotient map a : A I G — ► G defined by 
ce(fa) = a. The following lemmas describe two basic facts on embedding problems 
with wreath products. 

Lemma 5.1. Let (y: V — > G, a: A 2 G — > G) fre a finite embedding problem for a 
profinite group T, assume G ^ 1, and Ze£ 0: T — > A I G be a weak solution. Then 
the only subgroup of A 1 that is normal in 9(T) is the trivial subgroup. 

Proof. For each a G G choose 7 G T such that 1/(7) = a, and let / CT = O^a^ 1 , i.e. 
0(7) = />■ 

Assume that B < A 1 is normal in #(T). Let 1 7^ a G G. Then since 

B = B f ° a < = A a 

we have 

B < A 1 n A a = 1, 

and hence B — 1. □ 

Lemma 5.2. Le£ i\o ^ L be a finite Galois extension with Galois group G = 
Gal(L / Kq) and let //: Gal(i^o) ^ G be the restriction map. Let A be a finite group 
that is regular over K . Then the embedding problem 

(p: GdA(K ) G,a: AlG —> G) 

is rational. 

Proof. Since A is regular over Kq there exists an absolutely irreducible polynomial 
f(T,X) G K [T,X] that is Galois over K(T) and Gal(/(T, X), K(T)) = A. 

Choose a basis C\, . . . , c n of L/K and let t = . . . ,t n ) be an n-tuple of vari- 
ables. By [13], Lemma 3.1 (with L = L and Go = 1) there exist a field F such 
that 

(a) F is regular over L , 

(b) Gel(F / K Q (t)) = AlG and under this identification a: A \ G — > G coincides 
with the restriction map Gal(F/iv"o(t)) — ► Gal(Lo/i^o)- 

In particular we get that (//, a) is rational, as claimed. □ 

Remark 5.3. One can formulate and prove a much more general result than the 
above lemma. This generalization considers a split embedding problem Ax Go — > Go 
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instead of A, and gives a rational embedding problem with the twisted wreath 
product A l Go G instead of A I G. 

The proof of this generalization is a bit more technical, but still it uses only [13], 
Lemma 3.1. We will not use the generalization here, so we decided to omit it. For 
the full version see [2]. 

5.2. Proof of Theorem [TJ, Let K/Kq be a proper separable PAC extension. We 
need to prove that the Galois closure of K/K is K Qs . 
We break the proof into two steps. 

Step A. If K/Kq is a proper Galois PAC extension, then K = Kq s . 
Let Kq C L C K be a finite Galois extension with a Galois group G = Gal(L / Kq) . 
Let N/K be a finite Galois extension with Galois group B = Gal(N/K). It suffices 
to show that B = 1. 

Identify B with a subgroup of A = S n , for some sufficiently large n. Let 
v. Gal(A"o) — > G and 9: Gal(iT) — > B < A be the restriction maps. Since A is 
regular over any field [H], p. 272, Example 4, and in particular over K , we get 
that the embedding problem (fi,ot) is rational (Lemma 15. 21) . Hence, by definition, 
the double embedding problem 

Gal(i^) 




is rational. By the lifting property (Proposition Hjj]) we can extend the weak solution 
9 of the lower embedding problem to a weak solution (9, 9 ) of the double embedding 
problem. Now since Gal(fO«Gal(fC ) we have B = 9 (Ga\(K))<9 (Ga\(K )). Thus 
B = 1 (Lemma 15. II) . as needed. 

Step B. The general case. Let M be the Galois closure of K/K . We need to 
show that M = Kq s . By Theorem [6] (which was proved in [22] and will be reproved 
below) there exists Mq/Kq that is linearly disjoint from K over Kq and such that 
M = KM . 

K — M 
K -M Q 

In particular M/M is a proper Galois extension 
PAC. We get from the first step that M = K 0s . 



By [133, Lemma 2.1, M/M is 

□ 
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5.3. PAC fields being non-PAC over any proper subfield. The following 
observation follows directly from Theorem [TJ 

Lemma 5.4. Let N ^ Q be a Galois extension ofQ. Then N is a PAC extension 
of no proper subfield. 

Proof. If K is a proper subfield of N, then Q C K. In particular N/K is Galois, 
and hence Theorem [1] implies that N/K is not PAC. □ 

Some Galois extension of Q are known to be PAC as fields. Hence we get examples 
of PAC fields which are PAC extensions of no proper subfield. 

Example i: The Galois hull Q[tr] of Q in Q(<x), for almost all <x G Gal(Q) e 

p], Theorem 18.10.2. 
Example ii: Qtr{i), where Q tr is the maximal real Galois extension of Q and 

i 2 = -l [21. 

Example iii: The compositum Q sym of all Galois extensions of Q with a sym- 
metric Galois group [TT] . Theorem 18.10.3. 
Over a finite field any infinite algebraic extension is PAC [TT], Corollary 11.2.4. 
Thus we get 

Example iv: Let N be an infinite extension of a finite field ¥ p which is not 
algebraically closed. Then N is a PAC field. However N is Galois over any 
subfield (since Gal(F p ) = Z is abelian). Hence, by Theorem [TJ, N is a PAC 
extension of no proper subfield. 

5.4. Finite PAC Extensions - Proof of Theorem OS Let K/K be a finite 
extension. We need to prove that K/Kq is PAC if and only if either Kq is real 
closed and K is its algebraic closure or Kq is a PAC field and K/K is a finite 
purely inseparable extension. 

Since an algebraically closed field is PAC over any infinite subset of it we have 
that indeed Kq is real closed and K is its algebraic closure implies that K/Kq is 
PAC. Moreover [K : Ao] = 2 (Artin-Schreier Theorem [18], VI§Corollary 9.3). 

Let Kq be PAC and K/K a finite purely inseparable extension. Then [15] . 
Corollary 2.3, asserts that K/K is PAC. 

For the other direction, assume that K/Kq is a finite PAC extension. Let K\ 
be the maximal separable extension of Kq contained in K. Then K / ' K\ is purely 
inseparable [TS] , V§6 Proposition 6.6. By [T5] . Corollary 2.3, K 1 /K is PAC, and in 
particular K\ is a PAC field. If K\ = K , we are done, since K/K Q is then purely 
inseparable. 
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Assume K 1 ^ K . By Theorem [T], the Galois closure N of K\j K is the separable 
closure. Hence, by Artin-Schreier Theorem [18J, VI§Corollary 9.3, N is, in fact, 
algebraically closed and K Q is real closed (recall that 1 < [N : K ] < oo). In 
particular, the characteristic of K is 0, and hence K\ = K. □ 

6. Descent Features 

6.1. Proof of Theorem [71 Let K/K be a PAC extension and L/K a finite Galois 
extension. Assume Ga\{L/K) < Go, where Go is regular over K . 

We need to find a Galois extension L /K Q such that Gal(L / K ) < Go and 
L = L K. 



K n 



■L nK 



G 



The restriction map 9 : Qa\(K) — > G is a solution of the lower embedding problem 
of the rational double embedding problem 

(10) Gal(K) 




It extends to a geometric weak solution (9, 9q) of (jTOl) by the lifting property (Propo- 
sition El|. Let L be the fixed field of ker(0 o ). Then Ga\(L /K ) = 9 (Gal(K )) < 
GdA(L /K ). Since 9 (Gal(K)) = 9(GaA(K)) = G we get that L = L K. □ 

6.2. Corollaries of Theorem O If the group G in Theorem [7] is regular over Kq 
we can take G = Go: 

Corollary 6.1. Let K/K be a PAC extension. Let G be a finite Galois group over 
K that is regular over Kq. Then G occurs as a Galois group over Kq. 

Since every abelian group is regular over any field (see e.g. [H]), Proposition 16.3.5, 
we get the following 



Corollary 6.2. Let K/K be a PAC extension. Then K 



ab 



K* h K. 



From the fact that the symmetric group is regular over any field Theorem [7] gives 
a new proof of Theorem O This new proof provides an insight into Razon's original 
technical proof of Theorem [6] in 
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Proof of Theorem^ Let K/K be a PAC extension and let L/K be a separable 
extension. We need to find a separable L /K that is linearly disjoint from K over 
K such that L = L K. 

First assume that [L : K] is finite. Let M be the Galois closure of L/K, G = 
Ga\(M/K), G' = Gal(M/L). The action of G on the cosets E = G/G' admits an 
embedding i: G — > Sxj. 

As S's is regular over i\~ ([18J, p. 272, Example 4), Theorem [7] gives a Galois 
extension M /K Q with Galois group if = Gal(Mo/K ) such that H < and 
G < H (since M = M K). Then # is transitive, since G is. Thus (H : iZ 7 ) = |E| = 
[L : where if' is the stabilizer in H of the coset G' G E. Also, as the subgroup 
G' < G is the stabilizer in G of the coset G' G E, it follows that H' n G = G' . 

Let L C M be the corresponding fixed field of if' (i.e. Gal(M /L ) = H'). 
So by the Galois correspondence Gal(L) = Gal(L ) D Gal(i^) = GsH{LqK), hence 
L = LqK. In addition, Lq is linearly disjoint from K, since [Lq : Kq] = (H : H') = 
[L : K], as needed. 

The case where L/K is an infinite extension follows from Zorn's Lemma. The 
main point is that for a tower of algebraic extensions L\ C L 2 C L 3 , L 3 /L± is 
separable if and only if both L2/L1 and are. The details can be found in 

[22]. □ 

Remark 6.3. In the last proof if' was the stabilizer of a point of a subgroup of S n . 
This stabilizer is, in general, not normal even if L/K is Galois. That is to say, 
Lq/Kq need not be Galois, even if L/K is. 

7. Fields which are Finite Separable/Galois Extensions of no 

Proper Subfield 

In this section we prove the generalizations of Theorems [2] and HJ In particular 
we settle Problem 18.7.8 of [11] for finitely generated infinite fields. Before doing 
this we need a technical preparation about Hilbertian fields over subsets and their 
relation with PAC extensions. 

7.1. Hilbertian Fields over Subsets. Let us start by introducing some notation. 
Let 

/i(Ti, . . . , T e , Xi, . . . , X n ), . . . , f m (Ti, . . . , T e , X\, . . . , X n ) E K[T, X] 

be irreducible polynomials and g(T) G K[T] nonzero. The corresponding Hilbert 
set is the set of all irreducible specializations T 1— > a G K e for fi, . . . , f m under 



ON PAC EXTENSIONS 27 

which g does not vanish, i.e. 

H K (fi, . . . , f m ; g) = {a G K r | Vz /i(a, X) is irreducible in K[X] and g(a) 7^ 0}. 

Now K is Hilbertian if any Hilbert set is nonempty provided that n = 1 and 
fi = fi(T,X) is separable in X for each i. (Some authors use the terminology 
'K is separably Hilbertian'.) A stronger property is that any Hilbert set for K is 
nonempty. We call such a field s-Hilbertian. 

In case the characteristic of K is zero, these two properties coincide. If the 
characteristic of K is positive, there is a simple criterion for a Hilbertian field to be 
s-Hilbertian. 

Theorem 7.1 (Uchida [11] . Proposition 12.4.3). Let K be a Hilbertian field of 
characteristic p > 0. Then K is s-Hilbertian if and only if K is imperfect. 

(Recall that K is imperfect if [K : K p \ > 1.) 

Definition 7.2. A field E is said to be Hilbertian over a subset K if 

H E (f 1 ,...,f m ;g)nK r ^Q 

for any irreducible f\,...,f m e E[T, X] that are separable in X and any nonzero 
g(T) G £[T]. If furthermore H E (f u . . . , f m ; g) n AT r ^ for any irreducible 
/l; ■ ■ ■ j fm ^ ^[T, X], then we say that is s-Hilbertian over K. 

Note that a field K is Hilbertian (resp. s-Hilbertian) if and only if it is Hilbertian 
(resp. s-Hilbertian) over itself. 

Jarden and Razon prove that if R is a ring with quotient field K and K is a 
countable Hilbertian field over R, then K s (cr)/R and K(cr) are PAC for almost all 
cr G Gal(iT) e pj, Proposition 3.1. 

A crucial observation for our applications is that the proof of [15], Proposition 3.1, 
gives the following stronger statement. 

Theorem 7.3. Let E be a countable field that is Hilbertian over a subset K. Then 
for almost all cr G Gal(E) e the fields E s (cr) and E(er) are PAC over K . 

We shall use the last result to find new PAC extensions, and we start by finding 
Hilbertian fields over other fields. 

Lemma 7.4. Let K be an s-Hilbertian field over a subset S and E/K a purely 
transcendental extension. Then E is s-Hilbertian over S . 



28 LIOR BARY-SOROKER 

Proof. Let fi(T, X), . . . , / r (T, X) G E[T,X] be irreducible polynomials and ^ 
g(T) G E[T}. Since E = K{u a \ a G A), where {u a \ a G A} is a set of variables, 
we can assume that fi(T, X) = ^(u, T, X), where 

?1 (u,T 1 X),..,g r (u,T,X)e%T,X] 

for some finite tuple of variables u. 

Since K is s-Hilbertian over S, there exists a tuple a of elements in S such that 
all /j(a, X) = gi(u, a, X) are irreducible in K[u, X] and g(a) ^ 0. But the elements 
in {«„ | a G A} are algebraically independent, so all /j(a, X) = ^(u, a, X) are 
irreducible in the larger ring E?[X]. □ 

Proposition 7.5. Let K be an s-Hilbertian field over a subset S and let E/K be 

a finitely generated extension. Then E is Hilbertian over S. Moreover, if E/K is 
also separable, then E is even s-Hilbertian over S. 

Proof. Choose a transcendence basis t for E/K, i.e., K(t)/K is purely transcen- 
dental and E/K(t) is finite. Let H C E r be a separable Hilbert set for E. By 
[TT] . Proposition 12.3.3, there exists a separable Hilbert set Hi C K{t) r such that 
i?! C H. By Lemma [7.41 we get that Hi fl S 17 ' 7^ 0, and hence the assertion. 

If E/K is also separable, then we can choose t to be a separating transcendence 
basis, that is, we can assume that E/K(t) is separable. Now the same argument 
as above work for any Hilbert set H C E r (using [TT], Corollary 12.2.3, instead of 
Proposition 12.3.3). □ 

Combining the results that we attained so far, we enlarge the family of PAC 
extensions: 

Theorem 7.6. Let e > 1 be an integer, let K be a countable field which is s- 
Hilbertian over some subset S, and let E/K be a finitely generated extension. Then 
for almost all cr G Ga\(E) e the fields E s (cr) and E(cr) are PAC over S . 

In particular, the result is valid when K is a countable s-Hilbertian field (and 
S = K). 

Corollary 7.7. Let e > 1 be an integer and let K be a finitely generated infinite 
field (over its prime field). Then for almost all cr G Gal(f^) 6 the field K s (cr) is a 
PAC extension of any subfield which is not algebraic over a finite field. Moreover, 
if K is of characteristic 0, then K s (cr) is also PAC over any subring. 

Proof. First assume that K is of characteristic 0. Then any ring contains Z, so it 
suffices to show that K s (cr)/Z is PAC for almost all cr G Gal(i^) e . And indeed, 
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since Q is Hilbertian over Z and K is finitely generated over Q, Theorem 17.61 implies 
that K s {a)/'L is PAC for almost all cr. 

Next assume that the characteristic of K is p > 0. Since any field F which is 
not algebraic over F p contains a rational function field ¥ p (t), it suffices to show that 
K a (tr)/¥ p (t) is PAC for almost all cr G Gal(K) e and any t G K s (ct) \ ¥ p . 

Set G = Gal(K) e and let p be its normalized Haar measure. For any t G K s s F p 
we define a subset S t C G as follows: 

(f f ) E t = {cr G G | if i G K s (<r), then K a (tr)/W p (t) is PAC}. 

We claim that p{Tj t ) = 1. Indeed, let E = K(t). Then E/K is a finite separable 
extension. Let if = Ga^-E 1 ) 6 be the corresponding open subgroup of G. 

Note that t G K s ((t) if and only if cr G f/\ Then the definition of S 4 implies that 

E t = (#n£ t )U(G\i?). 

Hence it suffices to show that fl S t ) = p(H), or equivalently, z/(i? fl E 4 ) = 1, 
where v denotes the normalized Haar measure on H. 

Since ¥ p (t) is Hilbertian ([H], Theorem 13.3.5) and imperfect Qllj. Lemma 2.7.2), 
Uchida's theorem implies that ¥ p (t) is s-Hilbertian. Also E/¥ p (t) is finitely gener- 
ated because K is. 

Finally, since H n E t is the set of all cr g Gal(£) e for which E a (tr)/¥ p (t) is PAC, 
and since i£ s = K s , Theorem 17.61 implies that v[H fl S t ) = 1, as desired. □ 

7.2. The Bottom Theorem. Now we are ready to address Problem 18.7.8 of [TTj . 
the so-called 'bottom theorem'. Let K be a Hilbertian field and e > 1 an integer. 
The problem asks whether for almost all cr = (g\ , . . . , a e ) G Ga\{K) e the field 
M = K s (er) has no cofinite proper subfield (that is, N C M implies [M : N] = oo). 
Here the phrase 'for almost all' refers to the Haar measure on the profinite, and 
hence compact, group Gal(K). 

Note that the Hilbertian field K = ¥ p (t) has imperfect degree p, i.e., [K : K p ] = p. 
Moreover, the imperfect degree is preserved under separable extensions (see [TTJ , 
Lemma 2.7.3), and hence every separable extension M/K satisfies [M : M p ] = p. 
In particular, M p is a cofinite proper subfield of M = K s (cr) for all cr G Ga\{K) e . 
Consequently, the problem requires a small modification, namely a separability 
assumption: 

Conjecture 7.8. Let K be a Hilbertian field and e > 1 an integer. Then for almost 
all cr G Gal(i^) 6 the field -fG(cr) is a finite separable extension of no proper subfield. 
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In [12] Haran proves an earlier version of this conjecture, namely with the addi- 
tional assumption that K C N (see also [11], Theorem 18.7.7). 

We settle Conjecture 17.81 in the case K is a finitely generated infinite field (which 
is Hilbertian). 



Theorem 7.9. Conjecture | 7. 8\ is true for a finitely generated infinite field K . 



Proof. Let e > 1 be an integer. Corollary 17.71 gives for almost all cr G Gal(K) e that 
the field K s (er) is a PAC extension of any subfield of it which is not algebraic over 
a finite field. We can also assume that K s (cr) ^ K s . 

Therefore, if N C K s (cr) is finite, then Theorem [3] implies that K s (er)/N is purely 
inseparable. □ 

7.3. Fields with no Galois Subfields. We strengthen Chatzidakis's result, The- 
orem [21 for finitely generated infinite fields. 

Theorem 7.10. Let K be a finitely generated infinite field and e > 1 an integer. 
Then for almost all cr G Gal(K) e the field K s (cr) is a Galois extension of no proper 
subfield. 

Proof. Corollary 17.71 gives for almost all cr G Gal(K) e that the field K s (cr) is a PAC 
extension of any subfield of it which is not algebraic over a finite field. We can also 
assume that K s (cr) ^ K s . 

Therefore, Theorem [1] implies that K s (er) is a Galois extension of no proper 
subfield. □ 
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